COUNTEREXAMPLES TO RATIONAL DILATION ON SYMMETRIC
MULTIPLY CONNECTED DOMAINS

JAMES PICKERING

AssTrACT. We show that if R is a compact domain in the complex plane
with two or more holes and an anticonformal involution onto itself (or
equivalently a hyperelliptic Schottky double), then there is an operator
T which has R as a spectral set, but does not dilate to a normal operator
with spectrum on the boundary of R.

0.1. Definitions. Let X be a compact, path connected subset of C, with inte-
rior R, and analytic boundary B composed of n +1 disjoint curves, By, ..., By,
where n > 2. By analytic boundary, we mean that for each boundary curve
B; there is some biholomorphic map ¢; on a neighbourhood U; of X which
maps B; to the unit circle T. By convention By is the outer boundary. We
write IT = By X --- X By,.

We say a Riemann surface Y is hyperelliptic if there is a meromorphic
function with two poles on Y (see [FK92]). We say R is symmetric if there
exists some anticonformal involution @ on R with 2n + 2 fixed points on B.
We say a domain in C U {oo} (that is, the Riemann sphere S?) is a real slit
domain if its complement is a finite union of closed intervals in R U {oo}.

We define R(X) C C(X) as the space of all rational functions that are
continuous on X. The definitions of contractivity and complete contractivity
are the usual definitions, and can be found in [Pau02].

0.2. Introduction. A key problem that this paper deals with is the rational
dilation conjecture, which is as follows.

Conjecture 0.1. If X C C is a compact domain, T € B(H) is a Hilbert space
operator with o(T) € X and || f (T)” < 1forall f € R(X), then there is some normal
operator N € B(K), K 2 H, such that 6(N) C B (= 9dX), and f(T) = PyN|n.

A classical result of Sz.-Nagy shows that the rational dilation conjecture
holds if X is the unit disc. A generalisation by Berger, Foias and Lebow
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shows this holds for any simply connected domain (see [Pau02]). A result
by Agler (see [Agl85]) shows that rational dilation also holds if X has one
hole — such as in an annulus. However, subsequent work has shown that
rational dilation fails on every two-holed domain with analytic boundary
(see [DMO5], and [AHRO8]).

The aim of this paper is to prove the following, which by a result of
Arveson (see [Pau02, Cor. 7.8]), is equivalent to showing that the rational
dilation conjecture does not hold on any symmetric, two-or-more-holed
domain.

Theorem 0.2. If X is a symmetric domain in C, with 2 < n < oo holes, there
is an operator T € B(H), for some Hilbert space H, such that the homomorphism
7 : R(X) — B(H) with w(p/q) = p(T) - g(T)~" is contractive, but not completely
contractive.

Proof Outline. First, we let C define the cone generated by
{H@ [1 - y@9@)| H@w) : ¢ € BHE), He M2 (HX))},

where BH(X) is the unit ball of the space of functions analytic in a neigh-
bourhood of X, under the supremum norm, and M, (H(X)) is the space
of 2 X 2 matrix valued functions analytic in a neighbourhood of X. For
F € M, (H(X)), we set

pr=sup{p>0: - p*F(2)Fw) €C} .

We show that there exists a function F which is unitary valued on B (we say
F is inner), but such that pr < 1. We show that such a function generates a
counter-example of the type needed. To show that such a function exists,
we show that if F is inner, pr = 1 (||F|| = 1 by the max modulus principle, so
pr < 1), and the zeroes of F are “well behaved”, then F can be diagonalised.
We go on to show that there is a non-diagonalisable inner function F, with
well behaved zeroes, which must therefore have pr < 1, so must be a
counter-example. i

1. SYMMETRIES

Details of the ideas discussed below can be found in [Bar75]. A less
detailed (but more widely available) presentation can be found in [Bar77].

Theorem 1.1. Let R C C have n + 1 analytic boundary curves, By, ..., B, C B,
withn > 2, and let Y be its Schottky double. The following are equivalent:

(1) Y is hyperelliptic;

(2) R is symmetric;

(3) R is conformally equivalent to a real slit domain E.

The proof can be found in [Bar75], but we will briefly discuss the con-
structions involved. We know from [FK92, II1.7.9] that Y is hyperelliptic
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if and only if there is a conformal involution ¢ : Y — Y with 2n + 2 fixed
points. We find that ¢ is given by

Jow(x) xeR
((x) = S @(x) xeB ,
@oJ(x) x€]J(R)

where | is the “mirror” function on Y.

=

Also, if ¢ : E — R is the conformal mapping from part 3, we have that

@(c(9) = < (&).
Definition 1.2. We define the fixed point set of our symmetric domain R as

X:={xeR: x=a)}.

Remark 1.3. In view of Theorem 1.1 on the facing page, it makes sense to
relabel the components of B. We can see that X must be the image of RN E
under ¢, so must consist of a finite collection of paths running between fixed
points of B. We choose one of the two fixed points of By, and call it p;. We
follow X from p, to another B; which we relabel B;; we call the fixed point
we landed at p}. Label the other fixed point in By as p;, and repeat, until

+

T wecall XG.

we reach pj. The section of X from p: to p

Proposition 1.4. If a meromorphic function on Y has n or fewer poles, and all of
these poles lie in R U B, then all of these poles must lie on B.

Proof. Suppose f has n or fewer poles. Then f o 1 also has n or fewer poles,
so f — f o has 2n or fewer poles. However, if x is a fixed point of i,
f(x) = f ou(x) = 0, and since ¢ has 2n + 2 fixed points, f — f o ( has at least
2n + 2 zeroes. This is only possible if f — f ot = 0, so if x is a pole of f, then
((x) is a pole of f, which is a contradiction unless x € B. m|

2. InNER FuncTIONS

Many of the ideas found in this section can also be found in [AHR08] and
[DMO5].

Results in this section often require us to choose a point b € R. Usually,
b will be determined by the particular application, but in this section we
make no requirements on the choice of b.

2.1. Harmonic and Analytic Functions. If @, is harmonic measure at b,
and s is arc length measure, by an argument like the one in [DMO05], we can
find a Poisson kernel IP : R X B — R such that for & harmonic on R and
continuous on B,

h(w) = fz; h(z)P(w, z)ds(z) .
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Equivalently, P is given by the Radon-Nikodym derivative

dwy,
]P(w, ) = F .
We know that IP is harmonic in R at each point in B, and that for any positive
h harmonic on R, and continuous on X there exists some positive measure
u on B such that

h(w) = ﬁ P(w, z)du(z) .

Conversely, given a positive measure 1 on B, this formula defines a positive
harmonic function.

We let 11; denote the solution to the Dirichlet problem which is 1 on B;
and 0 on B;, where i # j. We can see that this corresponds to the arc length
measure on B;.

We define Q; : B — R as the outward normal derivative of /1;, and define
the periods of h by

P = [ Qyu.
It should be clear that & is the real part of an analytic function if and only if
Pi(h)=0forj=0,1,..., n.

Lemma 2.1. The functions Q; have no zeroes on B. Moreover, Q; > 0 on B; and
Qj<0on B forl+j.

Proof. As Xhas analyticboundary, we can assume without loss of generality
that By = T. We know that /; takes its minimum and maximum on its
boundary. Since /; equals one on Bj, and zero on B if [ # j, these must be
its maximum and minimum respectively, so /; is non-decreasing towards
Bj, and non-increasing towards B, so Q; > 0 on Bj and Q; < 0 on B;.

We can see by the above argument that we only need show that Q; # 0.
We let R’ be the reflection of R about By (which we are assuming is the unit
circle). We can extend /; to a harmonic function on X U R’ by setting

hi(z) = =hi(1/2)

onR’.

If Q; had infinitely many zeroes on By, then Q; would be identically zero,
so we suppose Q; has finitely many zeroes on B,.

Suppose Q; has a zero z, and a small, simply connected neighbourhood
N(z). By choosing N(z) small enough, we can ensure that N(z) contains no
other zeroes. Clearly, 11; forms the real part of some holomorphic function
f on N(z). We know that dh;/dn = Q; = 0, and because /; is constant on
By, we know that the tangential derivative of h;, 8hj/8t, is also zero, so f
has derivative zero at z, so f has a ramification of order at least two at z.
We also know that f maps everything outside the unit disc to the left half
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plane, and everything inside the unit disc to the right half plane, but clearly
this is impossible, so Q]' cannot have a zero.
A similar argument holds for By, ..., B,. O

Corollary 2.2. If h is a non-zero positive harmonic function on R which is the real
part of an analytic function, and h is represented in terms of a positive measure i,
then u(Bj) > 0 for each j.

Proof. If u(Bj) = 0, then as Q; < 0 on B\Bj, P;(h) < 0, a contradiction. Thus,
[J(B ]) > 0. O

2.2. Some Matrix Algebra. We wish to show that at each p € I, the vector

e e1 - ey
Qi(po) Qi(p1) --- Qilpn)

V"' =det| Qa(po) Qa(p1) -+ Qapn)

Qn(PO) Qn(Pl) Qn(pn)

has only positive coordinates. It helps to note that in three dimensions

€ € €
xXy=det| xo x1 x

Yo Y1 Y2
It will also be helpful to write
ey e e e3 -+ ey
— + —_ - .o —_
" — — + —_ “ee —
L O
—_ - —_ —_ “ee —+

noting that Q;(p;) > 0, and Q;(p;) < 0 for i # j. From here on, positive and
negative quantities will simply be denoted by (+) and (-), respectively.

Lemma 2.3. All sub-matrices of V" of the form

+ —_ —_ “ee —_
—_ + —_ “ee —_
—_ —_ + oo —_

have positive determinant.
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Proof. We can assume, without loss of generality, that such matrices are of
the form

Qilp) Qilp2) -+ Qilpr)
Qap1) Qa(p2) -+ Qalp) | AT

Qklp1) Qklp2) -+ Qxlpr)

by a simple relabelling of boundary curves. We note that

n
Z h] =1 P
j=0
so in particular

Zn] Qj(x) =0
=0

forallx € B. So,if 1 <i <k, then
k n
Y Qipy) = —(Qo@i) ) Q,-(;ai)] >0.
=1 j=k+1

We now apply Gershgorin’s circle theorem. Since A;; = Q;(p;), the eigen-
values of A are in the set

N n N
s=| b Az 4:|= s,
=1 |7j=1 i=1
J#i

where D(eg, x) C C is the ball centred at x of radius €. Now, if A € S;, then
A=Ay <Y j=i Aij, soin particular
n
s)%(/\) > Aj — Z |A1]| =A;+ ZAij = ZAZ']' >0.
j#i j#i =1
Now, all terms in the matrix A are real, so if A is an eigenvalue of A, then
either A > 0, or A is also an eigenvalue. We know that the determinant of
a matrix is given by the product of its eigenvalues, counting multiplicity.
Therefore, the determinant of A is a product of positive reals, and terms of
the form A\ = |/\|2, which are also positive and real, so det(A) is positive, so
det (AT) is positive. |

Lemma 2.4. V" has only positive coefficients.
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Proof. We define

iXi

2
~3
Il
|
|

f— f— ce —_ +

For our purposes, all that matters is the signs of the elements of this matrix,
and that Lemma 2.3 on page 5 holds. Cyclically permuting the first i rows
gives

—_ + — — —
n _ i—1 : _ i—-1 qn
d =(-1) - - + = =)
- - -+
We can see that
€ € € €3 -+ €y
p— + — — p—

V?’l

=(+)eg + )_(~1)de;
i=1
and
d =(=(+) = (=) + (=df ) =+ ()N (=)

n-1
=(-)+ ) ()@,

j=1
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We now proceed by induction. We first consider the case where k = 1.
We can see that

e e | _ (+)eg — (-)er = (+)eg + (+)eq,

so the lemma holds for k = 1. Now suppose that the lemma holds for k -1,
and consider V¥. The ej coordinate is positive, by Lemma 2.3 on page 5.
The e; coordinate is given by

k-1
ew£ﬂ4ﬂ4ﬁﬁ=ﬁ%ﬂ+ZPWW#ﬂ

j=1

B

-1

=(+) + (—1)](d';_1) =(+),
]‘ —————

ejterm of Vk-1

1l
—_

so the lemma holds for k, and so holds for all k € IN. O

Corollary 2.5. For each p € 11, the kernel of

Qi(po) Qi(p1) Qilp2) --- Qilpn)

M(p) = szPo) QZfPl) Q2fP2) szpn)

Qu(po) Qulp1) Qu(p2) -+ Qulpn)

is one dimensional and spanned by a vector with strictly positive entries. Further,
we can define a continuous function x : T — R"™1 such that x(p) is entry-wise
positive, and x(p) is in the kernel of M(p).

Proof. We can see that M(p) is always rank 7, as the right hand n X n sub-
matrix is invertible, by Lemma 2.3, so its kernel is everywhere rank one.
If at each p € IT we take the V" defined earlier, and define this as x(p), it
is clear that this is entry-wise positive, orthogonal to the span of the row
vectors (so in the kernel of the operator), and has entries that sum to one,
from the definitions and the above proved theorems. |

2.3. Canonical Analytic Functions. For p € IT we define
n
k=Y KPP, p)),
j=0
where « is as in corollary 2.5. Define 7 : IT — R"*! by 7(p) = x(p)/ky(b). We

then define .

By =Y TPIPC, p).

j=0
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It is clear that this corresponds to the measure

=Y (),
j=0

on B. We can see that I, thus defined, is a positive harmonic function, with
hy(b) = 1. We can also see that its periods are zero, as

1) Py = [ Qau= | ;Y (o), =
i=0

;)4 Ti(p)fBQj‘Spi = Z Ti(p)Qj(pi) =0,

as 7(p) is in the kernel of M(p), and (2.1) is just the j-th coordinate of M(p)t(p).
The function h,, is therefore the real part of an analytic function f, on R. We
require that f,(b) = 1.

We define H(R) as the space of holomorphic functions on R, with the
compact open topology. This is locally convex, metrisable, and has the
Heine-Borel property, that is, closed bounded subsets of H(R) are compact.
We then define

K={feHR): fb)=1, f+f>0}.
Lemma 2.6. The set K is compact.

Proof. Kis clearly closed, so it suffices to show that K is bounded. The case
where R is the unit disc is proved in [DM05], and we use this result without
proof.

Since the By, ..., B, are disjoint, closed sets, and R is T4, we can find
disjoint open sets Uy, ..., U, containing each. By a simple topological
argument we can show that there exists some E > 0 such that

OiE):={zeC: d(z,B) <E} C U,.

It is clear that R is covered by the family of connected compact sets

U Oile)

so it is sufficient to work with just these compact sets.

We choose a sequence of disjoint, simple paths vy, ..., v, through X such
that v; goes from B; to B;,1, and vy passes through b (note that when X is a
symmetric domain, v; = X; satisfies this). It is clear that the union of these
paths cuts X into two disjoint, simply connected sets U and V. It is also
possible to show that we can choose a 6 > 0 such that adding

{Ke} := {R\

:O<e<E},

W :={zeR: d(z, v;) <06 for some i}
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to either of these sets preserves simple connectivity. We can see that K} :=
KeN (U U W) and K; := Ke N (V U W) are simply connected compact sets
containing b, whose union is K.. By the Riemann mapping theorem, we
can canonically map KZ to the unit disc, in a way that takes b to zero, so by
the result of [DMO05] mentioned earlier, we have a constant MZ, such that f
analytic on R with f(b) = 1 implies for all z € KZ, |f(z)| < MZ. |

Lemma 2.7. The extreme points of K are precisely {f, : p € I1}.

Proof. Clearly, each f, is an extreme point of K, so we prove the converse —
if f # f,, then f is not an extreme point of K.

If f € K, then the real part of f is a positive harmonic function /& with
h(b) = 1. We therefore know that there is some positive measure y on B
such that

h(w) = jl; P(w, z)du(z) .

As f is holomorphic, by Corollary 2.2 on page 5, u must support at least
one point on each B;. If f # f,, then u must support more than one point on
some B;.

Now, a note. We know f is holomorphic if Pj(h) = 0 for j = 0, ..., n.
However, we know that Z]’LO Q;j=0,s0 Z;‘Zzo P;(h) = 0, so if we show that
all but one of the P;(h) are zero, we have shown that they are all zero, so f
is holomorphic.

With that in mind, suppose that y supports more than one point on By.
We do not lose any generality by doing this, as relabelling the boundary
curves does not matter in the proof below, so we can safely relabel any
given boundary curve By. We divide By into two parts, A1 and A», in such
a way that y is non-zero on both.

Now, let

ajl:fdeu/ l:1/2/
A
and

k]m:jl; Q]d[.i, m:l,...,n,

Since h is the real part of an analytic function,

O:fQ]dy,
B

ijm +€l]‘1 +6l]‘2 =0.
m=1
Since Q; <0 on B; fori # j, forany M C {1, ..., n} containing j,

ijm:—(aﬂ +a]»2+ Zk]m]>0

meM m¢M

SO
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We can now apply the Gershgorin circles trick from the proof of Lemma 2.3
on page 5, to see that all sub-matrices of K := (k;;;) of the form

+ —_ —_ oo J—
— + — P —
— — + P —

have positive determinant (including K, which must therefore be invertible).
We also note that the proof of Lemma 2.4 on page 6 only used this fact and
the signs of the elements of matrices.

We consider the adjugate matrix C of K, which is defined by

ool

and has the property that det(K)"'C" = K~1. If we can show that all the ¢,
are positive, then we will have that all the entries of K1 are positive.
Now, if j = m, then

Cjm = (=1)*"

Cm =T - — S = ().

If m > j then cjy, is given by

(m—j)x(m—j) block

(2.2) (1)t
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By cyclically permuting the m — j rows in the middle we get

col j

(1 =n

row j - - -

and by cyclically permuting the first j rows, and the first j columns we get
(D= =na
which we note is precisely the e; term of V"~! in Lemma 2.4 on page 6,
which is positive.
If j > m, then cj, is given by

(j—m)x(j—m) block

2.3) (-1

Butnote that transposing matrices preserves determinant, and the transpose
of the matrix in (2.3) is the matrix in (2.2), so ¢, = ¢;j, which we already
know is positive. Therefore, K~! has all positive entries. Since

—aq)

—ly
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has all positive entries, we define

by —ay

bnl Ayl

Define positive measures v1, v, by

V(&) = WANA) + ) bup(ANBy).

m=1

n
fQ]‘dVl =aj+ Zk]mbml =0,
B m=1

hy = f]P(-, w)dv)(w), I=1,2,
B

is the real part of an analytic function g; with Jg;(b) = 0. We can see that

Then

so each

V1tV =uas
1 =1 me Qudy Pyth) — a11 — ax
Kf:|= : = :
1 :111:1 j;gm Qnd[J M‘ Al — An2

Multiplying both sides by K~! gives b, + bz = 1. We therefore have
h1 + hy = h. Thus, gl/gl(b) € Kand

_ g 92
f=mq(b) (gl(b)) + g2(b) (gz(b)) ,

so f is a convex combination of two other points in K. Hence, f is not an
extreme point. O

Lemma 2.8. The set K of extreme points of K is a closed set, and the function
taking I1to K by p + f, is a homeomorphism onto K.

Proof. The proof is exactly as that of Lemma 2.11 in [DMO05]. |

2.4. Test Functions. For p €I, define
by Bl
P+l
The real part, hy, of f, is harmonic across B\{py, ..., pu}, therefore f, is

analytic across B\{po, ..., pu}. Also, f, looks locally like g;/(z — p;) at p;, for
some analytic g, non-vanishing at p; (by [Fis83, Ch. 4, Prop. 6.4]). We can

see from this that 1, is continuous onto B and |¢p| =1lonB.

By the reflection principle, 1, is inner and extends analytically across B,
and ¢, Y1} = {po, ..., pu}, so the preimage of each point z € D is exactly
n + 1 points, up to multiplicity, and so ¢y, has n + 1 zeroes.
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Similarly, if ¢ is analytic in a neighbourhood of R, with modulus one on
Band 7 + 1 zeroes in R, then ¥~!{1} has n + 1 points. Also, the real part of

f - 1-— ‘4}
is a positive harmonic function which is zero on B except where (z) = 1.
By Corollary 2.2 on page 5, f cannot be identically zero on any B;, so there
must be one point from gb‘l{l} on each B;. If, further, ¥(b) = 0, then ¢ = ¢,

for some p € I
We define © = {IJJP S H}.

Theorem 2.9. If p is analytic in R and if | p’ < 1on R, then there exists a positive
measure u on Il and a measurable function h defined on I1 whose values are
functions h(:, p) analytic in R so that

@) = [ e, )L~ 3T 0 o, P

Proof. First suppose p(b) =

Let 1+
_ P
f= i=p
SO f _1
P= f+1°
Hence
— f@) + f(w)
(2.4) 1 - p@)p(w) = —
(f@) + 1) (f(w) +1)

Since h, the real part of f, is positive and f(b) = 1, the function f is in K.
Since K is a compact convex subset of the locally convex topological vector
space H(R), by the Krein-Milman theorem, f is in the closed convex hull
of K = {fp : p € I1}, the set of extreme points of K. Therefore, there exists
some regular Borel probability measure v on IT such that

f= fl:[ fpdv(p).
Using the definition of ¢y, and (2.4), we can show that
— 1 - p(@)Pp(w)
- pep@ = [ AL
1 (f@) +1) (1 - @) (1 - Pp@)) (Fw) + 1)
Finally, if p(b) = a, then we have a representation like the one above, as

_(p(z)—a)(p(w)—a)_ (1—9“7)(1—P(Z)m)
L-ap@)]\1-ap@)] (1 -ap(z)) (1 - ap(w))

dv(p)
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The interested reader may note that the set © is a collection of test func-
tions for H*(R), as defined in [DMO07].

Note2.10. Wehave used n+1 parameters to describe the inner functionsin ©,
however, we only need 7, as we can identify them with the inner functions
with n + 1 zeroes, by the argument in the introduction to Section 2.4 on
page 13. If we then fix some py € By, it is then clear that for all p € II,

Up(Po)Yp is an inner function with 7 + 1 zeroes, with one of them at b, and

Yp(Po)Yp(Po) = 1, so Yp(Po)p = ¢4, where q = (Po, g1, ---, qn), for some
g1 € B1, ..., qn € B,. We define

©:={Yy: 4= (o 41, -, 4u), 1 €B1, .., Gu € Buf,

which is also a set of test functions for H*(R).

3. Martrix INNER FUNCTIONS
3.1. Preliminaries.

Theorem 3.1. If R is symmetric, then there is some b € X, and some 1, € © with
n+ 1distinct zeroes b, z, ..., zy, wherezy, ..., zy ¢ X, and z; # @(z;) for all i, j.

Proof. For now, choose a by € R, and use this as our b. We will find a better
choice for b later in the proof. Take p; as po, and use this to define ® as in
Note 2.10. We will give this © an unusual name, @o, and call the functions
in it @, rather than ¢,. This is to distinguish it from the ® and Yp in the
statement of the theorem, which we will construct later.

Choose some p; € B1\X, ..., p» € B,\X. Consider the path v along X
from By to By. Its image under ¢, is a path leading to 1. We can see that
P, 11} has n + 1 points. As X is Hausdorff and locally connected, there are
disjoint, connected open sets Uy, Uj, ..., U, around each of these points,
and since @, is an open mapping on each of these open sets,

N = ﬁ Qop(ui)
i=0

is a (relatively) open neighbourhood of 1, whose preimage is n + 1 disjoint
open sets, U),, ..., U,,. Also, we can choose Uj, ..., U, such that none of
them intersects X, and none of them intersects any @(U;) (since p1, ..., pn ¢
X, and X closed). Now, we can lift ¢, (v) N N to each of these U’, we choose
a point y € ¢,(v) N N, and note that ¢, Yy} has exactly n + 1 distinct points,
none of which maps to another under @, and exactly one of which is on
X. The point on X, we use as our b for the rest of the proof. We take a
Mobius transform m which preserves the unit circle, and maps y to 0, and
notice that m o ¢, is an inner function which has 1 + 1 zeroes, exactly one
of which, b, is on X. If we define @ using our new b, and fy = Po then
mo @y(py)mo @, € ©, and has the required zeroes, and so is our ;. m|
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Remark 3.2. Note that in the above argument, we can choose our b as close
to p, as we like, so in particular, we can choose b such that hy(b) > 1/2.
By an argument similar to that in [DMO05, Prop. 2.13], we can see that no
Yy € © has all its zeroes at b.

Theorem 3.3. If R is symmetric, then Q;(p;) = n(p;) Qj (@(p)), for somen : B —
C which does not depend on j.

Proof. We write Q; as
h
5—(p)

Qjlp) = o,
where d/dn, is the normal derivative at p. We also define d/dt, as the
tangent derivative at p.

Now, note that if /& is harmonic and @ is anticonformal, then / o @ is also
harmonic, and since h j and h jo have the same values on B, they must be

equal, so
Jhj(pi)  Ihj(a(p:)

ny, ony,

7

and so

Q,(p) ==L ](”l)
] pz

_ @) Inapy | Ohi (@A) Itog
an@(l’z 31’1’91 /at/m(f’i) anpi

=Q; (@(p)) ‘°(”1

Pz
———

npi)

Lemma 3.4. If n is defined as above, and b € X then
P, pp) =nlpp PG, o))

Proof. We can write

da(p)) dwy(@(p))
Plp) = Gy @ PO @) = e

and note that if  is harmonic, then / o @ is harmonic, and h o @(b) = h(b).
So, for any measurable set E C B,

wp(E) = wy(@(E)),
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so dwy(pj) = dwy(@(p)). Hence,

dawp(pj) _ dawp(@(p))) _ ds(@(p))) dwp(@(p)))

b, p) = _ _
POP = E T ) ds(pj)  ds(@(p))
_ dnfD(Pj) B
=, PO ap) = np) P o)),
pj
since ds(@p))  dlapy  dnep)

ds(p;)) ~—— dtp, \Jr,—/ dny,

*
where x is due to the fact that @ is sense reversing, and t is due to the
Cauchy-Riemann equation for anti-holomorphic maps. O

Definition 3.5. We say a holomorphic 2 X 2 matrix valued function F on R
has a standard zero set if

(1) F has distinct zeroes b, aq, ..., ap,;, where F(b) = 0, and det (F) has
zeroes of multiplicity one at each of a1, ..., a;
(2) it y; # 0 are such that F(a;)"y; =0,j=1, ..., 2n, thenno n + 1 of the
y; lie on the same complex line through the origin;
) Jaj # Piforj=1,...,2n,i=1,..., n,where Py, ..., P, are the poles
of the Fay kernel K(-, z).
We have not defined K? yet, and will not do so until Section 4. For now, all
we need to know about K? is that all its poles are on J(X).

3.2. The construction. We take 1, as in Theorem 3.1 on page 15. Note that

Yp © @ is an inner function with zeroes at b, @(z1), ..., @(z,), equal to one at
P @(p1), @(p2), - - ., @(Pn), so must equal P (p).

Definition 3.6. We say S is a team of projections if S is a collection of n pairs
of non-zero orthogonal projections on C?, (Pf+, Pj_), such that

10 00 . .
1+ _ 1- _ jt j— — P —
P (0 O)' P (0 1), Pm+p I, j=1,...n.
Let Sg be the trivial team, given by P/* = P* for all j.

We define
n . .
Hsyp = o(PC, )+ Y wilp) [PC, p) P* + nplP (-, @(pi)) P] .
i=1
We note that, by Lemma 3.4,

Hs,(b) =7o(p)P(b, py)I + Z Ti(p) [P(b, pi) 1]
i=1

= [Z Ti(p) P(b, p»] I=hbyl=1.

i=0
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For x € C? a unit vector, <H SpX, x> corresponds to the measure

B

n
Hxx = T00p; + Z @i+ 8, (|7 + Sogyi(pa) [[P4]
=
SO

[ Qe = 1001751+ Y i [P] e ot [P+
i=1

= 10Qi(py) + Y, TiQi(p) el
i=1
= 0,

by definition of 7.
Hence, <H Sp X, x> is the real part of an analytic function, so Hs, is the real
part of a holomorphic 2 X 2 matrix function G, normalised by Gg,(b) = I.
We now define

Ws, = (Gsp —1)- (Gsp +1) .

Lemma 3.7. If p is as in Theorem 3.1 on page 15, for each S:

(1) Wsp is analytic in a neighbourhood of X and unitary valued on B;
(2) Wsp(b) =0;

(B) Wsplpy) =L

(4) Wsp(p1)er = ey and Ws, (@(p1)) e2 = eo;

(5) Wsp(pi) P+ = P and Wsp(@(pi)) P~ = P~

6) Wsop = (T yury )

Proof. Thinking about IP(z, r) as a function of z, in a neighbourhood of r € B,
the Poisson kernel IP(z, r) is the real part of some function of the form
gr(z)(z - r)~1, where gy is analytic in the neighbourhood, and non-vanishing
at r (by [Fis83, Ch. 4, Prop. 6.4]). At any other point g € B, IP(z, r) extends
to a harmonic function on a neighbourhood of g, so must be the real part of
some analytic function, with real part 0 at q.

We can see that if r € B is not Py Pl --+s Pu,s @(p1), ..., @(pn), then Gs
is analytic in a neighbourhood of r. Further, Gs, + I is invertible near r as
Gsp(z) = Hsp(z) + iA(z) for some self-adjoint matrix valued function A(z),
and Hgp(r) = 0. Thus, G + [ is invertible at and, by continuity, near . We
have

[-WspWs, =2(Gsp+ D)7 (Gsp + G )(Gsp + 1),
—_—
iA+(iA)'=0
which is zero at 7, so W5, must be unitary at r.

From the definition of Gsp, in a neighbourhood of p;, there are analytic

functions g1, g2, k1, k2 so that the real parts of k; are 0 at Py each g; is
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non-vanishing at p;, and

29 k@)
R PCR

z—p,
SO
92(2)~z—p,

1 — —ki(2)
(GS’ (Z) + I)_l - +z—p; ga+z—p, T 1(2)—z—p,
? %% — k@G | —k) g(z)_—po”O

( (2@ -z-p;)z-p;)  —k@@E-py)?

“b@E-p? (@ -z-p5)e-pp)

(1@ - 2-p5) (920 - 2= 1) - k1 (@ka(2) (& - Py 2
Note that the denominator is non-zero at and near p, so Gs p +1 is invertible.
We can use this to calculate W, directly’, and show that W is analytic in
aneighbourhood of p;j, and Ws,(p;) = I, so we have (3).
Now we look at p1. Near p; we have analytic functions g, ki, k2, k3, on a
neighbourhood of p1, where k1, k, k3 have zero real part at p1, g is non-zero

at p1, and
9@

Gso(z)=| z=pr "1 |,
S,p() ( k2 kS)

Since k3 + 1 has real part 1 at py, 9(z) (z — p1)~! has a pole, and ki, k; are
analyticat p1, we see that Gs p +Iisinvertible near p;. By direct computation,
we see that W, is analytic in a neighbourhood of p; and

1 0
Wsp(p1) = 0 k)1 |-
k3(p1)+1

A similar argument holds for @(p1), so we have (4), and by working in the
orthonormal basis induced by Pi* and P/-, (5) follows. Also, we have now
shown W, is analytic at every point, so (1) follows.

(6) and (2) follow easily from the definitions. O

Lemma 3.8. We define ||S1 — Szl = max;. , giving a metric on the

P - PJ|
1 2
space T~ of all teams of projections. There exists some non-trivial sequence S, — So

such that for all m, Ws,, ,, has a standard zero set.

Proof. Since the zeroes of 1, and Y4(p) are all distinct except for b, it is clear
that
Yp O )

has a standard zero set.

IThe calculation is omitted, but can be readily verified by hand, or with a computer algebra
system
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We note that whatever value we take for ¢, there is an S # Sy within € of
So, so there is some non-trivial sequence S,, converging to So.

The sequence W, , is uniformly bounded, so has a sub-sequence W,
which converges uniformly on compact subsets of R to some W. This
means

G = (L+Wy)(I = Wy)™!
converges uniformly on compact subsets of R to
G=(I+WV)I-Ww)".

H,,, the real part of G, is harmonic, and
n
Hy = Hy = Y t(p)P(, p) [Piy = P'*] + i (@(p) P(, @(py) [Py — P7] .
i=2
Since P;f — P*, we see that H,, — Hy, and since G(b) = I = Go(b), G, — Go,
so ¥ =¥, and ¥,, = W¥( uniformly on compact sets.

Let d,,(z) = det(W,,(z)). This is analytic, and unimodular on B. Draw
small, disjoint circles in R around the zeroes of dy (which correspond to
the zeroes of Wy). By Hurwitz’s theorem, there exists some M such that
for all m > M, d,, and dy have the same number of zeroes in each of these
circles, so the zeroes of d,, must be distinct, apart from the repeated zero
at b. In particular, the zeroes (b, al', ..., ay) of W, converge to the zeroes
(b, a(l), e, agn) of Wy,

Finally, if [[y}'ll = 1, Wi (a}')"y}" = 0 and 4’ is close to a(lJ, then

Wo(ady Yy = (Wo(a)) - Wolal)) ' + (Wol@}') - W(@}h)) 7.
However, the right hand side tends to zero as m tends to infinity, so
\Ifo(a(l))*y’lﬂ tends to zero. Since )" is a bounded sequence in a finite-
dimensional complex space, it has a convergent sub-sequence, which we
shall also call y}". This yJ' must converge to something in the kernel of
‘I’o(a?)*, that is, a multiple of e;. We apply this argument to ay, ..., a2, and
find a sub-sequence such that n of the y's tend to multiples of e; and n
of them tend to multiples of e, so for m big enough, no n + 1 of them are
collinear. ]

4. Tueta FuncTIiONS

4.1. The Jacobian Variety. We know that foreachi =1, ..., n, h; is locally
the real part of an analytic function g;. The differential dg; can be extended
from R to Y (as in Theorem 1.1, Y is the Schottky double of R), and

1 .
Oéi:=§dgi, i=1,...,n

is then a basis for the space of holomorphic 1-forms on Y. We see that if
we define a homology basis for Y by A; = X; — J(X|) and B; as before, then
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o)

has positive definite imaginary part (see, for example, [FK92, I11.2.8]).
We define a lattice

L‘j a; = (51']‘ and

L=72"+Q7"cC"
define the Jacobian variety by

JY):=C"/L,
and define the Abel-Jacobi maps x : Y — C" and xo : Y — J(Y) by
P? @
xw= + |, xo=hkw.
y
i
Po

Note that the integral depends on the path integrated over. However,
any two paths differ only by a closed path, and Ay, ..., Ay, By, ..., Byisa
homology basis for Y, so any closed path is homologous to a sum of paths
in this basis. Also,

fai,faieL,so faci = fal-
A/- B/- A]‘ B;

]

=0,

so the choice of path to integrate over does not affect xo(y).

Proposition 4.1. The Abel-Jacobi map has the following properties:
(1) xo is a one-one conformal map of Y onto its image in J(Y); and

(2) xo(Jy) = =xo(y)*, where * denotes the coordinate-wise conjugate.

Proof. (1) is proved in [FK92, I11.6.1], (2) holds because p, € X and

9i(Jy) — 9i(py) = —(gj(y) - 9i(py )) :

4.2. Theta Functions.

Definition 4.2. Roughly following [Mum83], we define the theta function
3:C" —» Cby

d(z) = Z exp (mi (Qm, m) + 2mi(z, m)) ,

meZ"

where (-, -) is the usual C" inner product. This function is quasi-periodic, as
Iz +m) =3(z)
Sz + Qm) =exp (—ni {(Qm, m) —2mi{z, m)) H(z)
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for all m € Z", as shown in [Mum83]. Given e € C", we rewrite this
as e = u + Qo for some u, v € R", and we define the theta function with
characteristic e, 9e] : C" — C by

de](z) = 8[ Z ](z) = exp (i {Qu, v) + 2mi{z + u, v)) (z +e).

Note that this follows [Mum83]. Subtly different definitions are used in
[Fay73], [DM05] and [FK92], although these differences are not particularly
important.

Theorem 4.3. There exists a constant vector A, depending on the choice of base-
point, such that for each e € C", either Sle] o x is identically zero, or Se] o x has
exactly n zeroes, Cy, ..., Cy and

iX(Ci) =A-e.
i=1

Proof. See [Mum83, Ch. 2, Cor. 3.6] or [FK92, V1.2.4]. O

For the following, it will be convenient to define

Eelx, y) = Ix(y) — x(x) +e).

Theorem 4.4. Ife € C", 8(e) = 0 and &, is not identically zero, then there exist
Ci, ..., Cy1 such that for each x € Y, x # C;, the zeroes of Se — x(x)] o x, which
coincide with the zeroes of E,(x, -), are precisely x, Cy, ..., Cy-1.

Proof. See [Mum83, Ch. 2, Lemma 3.4]. O

Theorem 4.5. There exists an e. = u. + Qu. € C" such that 2e. = 0mod L,
(u., v.) 1s an odd integer, and &,, % 0.

For the proof see [Mum84, Ch. IIlb, Sec. 1, Lemma 1], although the
remarks at the end of [FK92, VI.1.5] provide some relevant discussion. An
e, of this type is called a non-singular odd half-period, and we see that 9[e.] is
an odd function, so d(e.) = 0.

Let 3. := de.], so

O.(t) = exp (i {Qu., v.) + 21z + ., V.)) (z + &) .
Clearly, we can apply Theorems 4.4 and 4.5, and get that the roots of
9. (x() = x(2))

are {z, (1, ..., C;—1} for some (q, ..., C;—1. If neither of z, w € Y coincide
with with any of these (;s, then

(4 1) ‘9* (X() - X(Z)) — ezni(w—z,v*) 9 (X() - X(Z) + e*)
3. (x() = x(w)) 9 (x() = x(w) +e.)
is a multiple valued function with exactly one zero and one pole, at z and

w respectively.
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4.3. The Fay Kernel. A tool that will prove invaluable in later sections is
the Fay kernel K, which is a reproducing kernel on H(R, w,), the Hardy
space of analytic functions on R with boundary values in L*(w,). For a more
comprehensive discussion of the ideas in this section, see [Fay73].

Lemma 4.6. The critical points of the Green’s function g(-, b) are on X, one in
each X;,i=1, ..., n

Proof. We write g(z) = g(z, b). We know that g has n critical points, by
[Neh52, p. 133-135]. On X, define d/dx as the derivative tangent to X, and
d/dy as the derivative normal to X. We know that g o ® = g, and

dg _dgo@ dg Jday N g 0@
dy dy dy dy ox By’

However, ach/ dy < 0 on X, so the two sides of this equation have different

signs, and so dg/dy = 0 on X. Also, g = 0 on B, so g must be zero at p;

and P;L+1 — the start and end points of X;. Since dg/dx is continuous on X;

(provided i # 0), dg/dx must be zero somewhere on X;, by Rolle’s theorem.
Since this gives us n distinct zeroes, this must be all of them. O

We have just proved that g(-, b) has n distinct zeroes. If these zeroes are
z1 € Xq, ..., zy € X, we define P; = Jz;.

Theorem 4.7. There is a reproducing kernel K® for the Hardy space H(R, w,);
that is, if f € H?(R, w,), then
£ = O, K ) = [ FRGe, o)
If z = a, then K°(-, z) = 1. If not, K*(-, z) has precisely the poles
Pi(a), ..., Py(a), Jz
(where JP1(a), ..., JPy(a) are the critical points of g(-, a)), and n + 1 zeroes in Y,
one of which is Ja.

Sketch Proof. By [Fay73, Prop. 6.15], there is an e € J(Y) such that

42) K'(x, y) =
9 (x() + x()* + )9 (x(@) + x(@)" +€) 9. (x(@) + x(y)) 9« (x(x) + x(@)")
9 (x(@) + x()* +¢) ¥ (x(x) + x(@)" + ) 9. (x(x) + x(y)") O« (x(@) + x(a)")
is the reproducing kernel?® for H?(R, w,).

It is clear that K*(x, a) = 1, so we fix a and y and look at the zero/pole
structure of K*(-, y). We can see that for fixed y, the zeroes and poles of (4.2)

2Fay gives (4.2) in a slightly different form, although we can use [Fay73, Prop. 6.1] and some
basic results on theta functions to show that the two forms are equivalent. Also note that
the notation Fay uses differs significantly from the notation used here.
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are precisely the zeroes and poles of

S () + x(@)" + ) 8 (x(x) + x(a)’)

8 (0(@) + x(@) + ) 8« (x(x) + x(v))
by removing terms with no dependence on x. By (4.1), the 3. factors bring
in a zero at Ja and a pole at Jy. The remaining theta functions have n
zeroes each, so K* gets n new poles, Pi(a), ..., P,(a), and n new zeroes,

Z1(y), ..., Zy(y) from the top and bottom terms respectively. The P;(a)s
must all be in J(R) U B, as we know that K(-, y) is analytic on R.

Suppose, towards a contradiction, that some of these poles and zeroes
were to cancel, then K*(, ) would have n or fewer poles. If it had no zeroes,
it would be constant, but we know that the set {K(-, y) : y € R} is linearly
independent, and K*(-, a) is constant, so K“(, y) cannot be a multiple of it.
If it had one or more poles, then it would be a meromorphic function on
Y with between 1 and 7 poles, all in J(R) U B. Moreover, [y cannot cancel
with Ja because a # y, and it cannot cancel with any of the Z;(y)s since that
would mean

0=9(x(y) +x(y)" +e)
=3 (7@ +e) = 9(),
which Fay shows is not the case, so Jy cannot cancel. We know Jy ¢ B, so
by Proposition 1.4 on page 3, this also leads to a contradiction, and so none
of the zeroes and poles cancel. Thus, K*(:, y) has n + 1 zeroes and poles.
We give a sketch proof that the poles are as stated. We use the alternate
characterisation of K*(x, y) given in [Fay73, Prop. 6.15], that is,

All 7
e (5,5)

Note that the notation here is partly that used in Fay, and partly that used
in this paper. In particular, A and Q are as defined in Propositions 2.9
and 6.15 of Fay respectively (the definitions are too complicated to replicate
here). Clearly, Qj,_4(y) has no dependence on x, so has no direct bearing
on the poles in x of K*. However, we note that the divisor A used in the
construction of A is the zero divisor of ()j,_,, which is precisely the critical
divisor of g(-, a). We then use the description of divA, from [Fay73, Prop.
2.9] to see that for fixed y, the poles of A, (y, J(-)) are precisely

{Jx} U J(A) = {Jx, P1(a), ..., Pu(a)},
where the P;(a)s are as required. O
We will write P;(b) = P;, for brevity.
Theorem 4.8. Let a(l), e, aon be points in R such that

2
Py, ...,Py, Jb, Jd%, ..., Jay,
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are all distinct. Let {eq, e2} denote the standard basis for C2 and let

W==ym=e, Yan= =0 =
There exists an € > 0 so that if a(]? —ajl, 7/? - yjH <€, and
2n
(4.3) h(z) = Z chb(z, ajyj+v
j=1

is a C?-valued meromorphic function which does not have poles at Py, ..., Py, then
h is constant; that is, each c; = 0.
Further, if h # 0 has a representation as in (4.3), and there exists z’ € R\{b}
such that
h(z)K'(z, 2') = Z c;.Kb (z, aj)yj+7'

then h is constant, z’ = a i for some |, c;.y j= h, and all other terms are zero.

This theorem can be seen as a result about meromorphic functions on Y,
so we view z as a local co-ordinate on Y. If we're only interested in values
of znear one of Py, ..., P,, we can assume z, Py, ..., Py, Ja1, ..., Jao, are in
a single chart U C J(R) (U is open and simply connected)

A useful tool in the proof of this theorem is the residue of K”. We know
thatsolongasa ¢ {b, Py, ..., Py}, Kb (-, a) has only simple poles, so we know
that in a small enough neighbourhood of P;,

(z— P)K'(z, a)
is a holomorphic function in z. Let R;(a) denote the value of this function at

P;.

We will need the following lemma.
Lemma 4.9. The residue R;(a) varies continuously with a.

Proof. Consider the theta function representation of K’(z, a). The function

f@) =9 (x(@) + x(0)" +e)

is analytic and single valued on U, and vanishes with order one at P;, so
can be written as

@) = (2= P)fi(2)
for some f; analytic on U, and non-vanishing at P;. Given a set W C U, let
W* = {z: z € W}. Choose neighbourhoods V;, W of U so that F: V; X W* —
C given by

F(z, a) = f(2)K'(z, a)

_ S(x@) + x@)" +¢) 5 (x(b) + x(b)" + ) 3. (x(b) + x(@)) 8. (x(2) + x(b)")
S (x(b) + x(@) + ) 9. (x(2) + x(a)") 9« (x(b) + x (b))
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is analytic in (z, ). Rewriting gives

F(z, a)
z—P)K? z,0) =
The lemma follows from the fact that the right hand side is analytic in
(Z/ ﬁ) O

We can now prove Theorem 4.8.

Proof of Theorem 4.8. We can assume € is small enough that

Pl/---/PmIalz---IIHZn

are distinct. We define

Ri(ay) -+ Ry(an)
Ry = : ) :
Ru(a1) -+ Ru(an)
and
Ri(ans1) -+ Ri(azn)
Ry = : : ,
Ru(ans1) -+ Ru(azn)

where R;(a) is the residue of Kb(., a) at Pj, as before.
To see that R; is invertible, let

1

Cn

and
n

fC = Z Cij('/ Ll]) .
j=1
Note that Ric = 0 if and only if f. does not have poles at any P;. Now, if
this is the case, then f. can only have poles at Jay, ..., Ja,, and simple poles
at that, but this is only n points, so by Proposition 1.4, f. must be constant.
We know that Kb(-, b) = 1, so we can say that

0= COKb('/ b) + Cle('/ a]) +--+ cnKb('/ al”l) .
However, we know that K? (-, b), Kb(-, m), ..., Kb(, a,) are linearly indepen-
dent, so ¢ = 0. Therefore R; is invertible, and by a similar argument R, is

invertible.
Now, consider the function F defined for y; near )/? by

Ri(m)yr -+ -+ Riazn)y2n
F=| :

Ro(m)yr --- -+ Rolazn)yan
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We define Fj similarly, using a? and y‘;. We can see that F is an n X 2n matrix

with entries from €2, so can be regarded as a 211 X 21 matrix. We know that
F varies continuously with each y;, and by Lemma 4.9, varies continuously
with each a;. Also, we see that, by regarding Fo as a 2n X 2n matrix, the rows

R 0
0 N

which is invertible, so F is invertible. We can therefore choose € > 0 small

of Fy can be shuffled to give

enough that if 'aj - a(]?| , | Vi— 7/?” < e for all j, then F is invertible.
If the a; and y; are chosen such that F is invertible and

n

h(z) = Z c]-Kb(z, aj)yj+v

j=1
does not have poles at P;, then
Y ciRia)y; c1
0= : =F| : [=Fc,
Z?:l CjRn(aj)Vj Con

so ¢ =0, and & is constant.

Now we prove the second part of the theorem. Note that the proof of this
part only assumes that the result of the first part holds, not the assumptions
ona;and y; used to prove it. Suppose i # 0 and there exists z’ € R\{b} such
that

h(z)K'(z, ') = C;-Kb(Z, aj)y;+v.
We can see that Py, ..., P, are not poles of h, since by the assumptions on
the distinctness of the Pxs and a;s, the right hand side has a pole of order at
most one at each Py, whilst the left hand side has poles of order at least one
at each of these points. Therefore, since /1 has a representation as in the first
part of the theorem, / is constant. m|

5. REPRESENTATIONS

This paper inherits much of its structure from [DMO05], and in particular,
the results in this section are analogues of results from that paper. In fact,
in some cases, the proofs in [DM05] do not use the connectivity of X, so can
be used to prove their analogues here simply by noting this fact. In these
cases, the proofs are omitted.

5.1. Kernels, Realisations and Interpolation. We note, for those who are
interested, that many of these results have a similar flavour to some of the
Schur-Agler class results from [DM07], although we shall not use any of
these results directly.
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Lemma 5.1. If F € M, (IH(X)), then there exists a p > 0 such that
I - p*F(z)F(w)* € C.

Theorem 5.2. If there is a function F : R — Mj(C) which is analytic in a
neighbourhood of X and unitary valued on B, such that pr < 1, then there exists
an operator T € B(H) for some Hilbert space H, such that the homomorphism
@ R(X) — B(H) given by n(p/q) = p(T) - q(T)_1 is contractive, but not
completely contractive.

Later on in this section, we will need to work with matrix valued Her-
glotz representations, so we will need some results about matrix-valued
measures. Given a compact Hausdorff space X, an m X m matrix-valued

measure
m

M= (‘uﬂ)j,l:l
is an m X m matrix whose entries p; are complex-valued Borel measures on
X. The measure y is positive (we write u > 0) if for each function f : X — C™

h
f=1 1
fn

OSfoTffld#jl-
i VX

The positive measure y is bounded by M > 0 if
Ml = (up(X)) 2 0

is positive semi-definite, where I, is the m X m identity matrix.

we have

Lemma 5.3. The m X m, matrix-valued measure i is positive if and only if for
each Borel set w the m X m matrix

(@)
is positive semi-definite.
Further, if there is a k so that each diagonal entry 11;i(X) < «, then each entry
tj1 of w has total variation at most «. Particularly, if u is bounded by M, then each
entry has variation at most M.

Lemma 5.4. If u" is a sequence of positive m X m matrix-valued measures on X
which are all bounded above by M, then u" has a weak-* convergent sub-sequence,
that is, there exists a positive m X m matrix-valued measure u, such that for each
pair of continuous functions f, g : X — C",

Yo | fmdu =Y | figdu
]
1 VX jr vX
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Lemma 5.5. If u is a positive m X m matrix-valued measure on X, then the diagonal
entries, uj;j are positive measures. Further, with v = Y i Hiir there exists an m X m
matrix-valued function A : X — M,,(C) so that A(x) is positive semi-definite
for each x € X and dyu = Adv — that is, for each pair of continuous functions,

fg:X—>Cnm,
ng—jﬁdijng—jAﬂﬁdv.
il VX il VX

A key result of this section is the existence of a Herglotz representation
for well behaved inner functions, as follows.

Proposition 5.6. Suppose F is a 2 X 2 matrix-valued function analytic in a neigh-
bourhood of R, F is unitary valued on B, and F(b) = 0. If pr = 1 and if S C R
is a finite set, then there exists a probability measure 1 on Il and a positive kernel
I':SxSxIT— Cso that

1= FOF@) = [ (1= 9@ [ w ).

Proof. The proof of this result is almost identical to that of [DMO05, Prop.
5.6], except that functions required to vanish at zero, are now required to
vanish at b instead. |

Another tool that will prove useful is transfer function representations.
For our purposes it will suffice to work with relatively simple colligations.
We will define a unitary colligation £ by £ = (U, K, u), where u is a proba-
bility measure on I, K is a Hilbert space, and U is a linear operator, defined

by

2
A B wek
U= €EB @ ,
C D o)

where L? ® K can be regarded as K valued L2.
We define ® : R — B(Lz(y) ® K) by

(@(2) f) (p) = ¥p(2) f(p) -
From here, we define the transfer function associated to X by
Wx(z) = D + CO(x) (I — P(z)A) " O(2)B.

We can see that as A is a contraction and ®(z) is a strict contraction, the
inverse in Wy, exists for any z € R.

Proposition 5.7. The transfer function is contraction valued, that is, |[Wx(z)|| < 1
forall z € R. In fact for all z, w € R

[ - We@Wz(w)' = CI - PEA) ™ [ - DE)O(w)] ([ - P)A) ™ C.

Note that if we define H(w) = (I — A*®(w)*)~! C*, for w fixed, H(w)" is a
function on I, so we write H,(w)". We can see that by considering LX(u)®K
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as a measure space, Proposition 5.7 on the previous page gives
= WEWG) = [ (1=, E7,00) HEH () dutp).

Proposition 5.8. If S C R is a finite set, W : S — My(C) and there is a positive
kernel T : S X S X I'T — My (C) such that

[- WERW(w)" = fn (1= Yp(@)p@)) T, w; p)dup)

for all z, w € S, then there exists G : R — My(C) such that G is analytic,
IG@)Il < 1 and G(z) = W(z) for z € S. Indeed, there exists a finite-dimensional
Hilbert space K (dimension at most 2|S|) and a unitary colligation © = (U, K, u)
so that

G =Wy,

and hence there exists A : R X R XTI — My(C) a positive analytic kernel such that

[-G@)G(w) = fn (1= Y@, @)) Az, w; p)dup)

forall z, w € R.

The proof is as in [DMO05], although for our purposes it makes sense to
use the version of Kolmogorov’s theorem in [AM02, Thm. 2.62].

5.2. Uniqueness.

Proposition 5.9. Suppose F : R — M>(C) is analytic in a neighbourhood of X,
unitary on B, and with a standard zero set. Then there exists a set S C R with
2n + 3 elements such that, if Z : R — Mj(C) is contraction-valued, analytic, and
Z(z) =F(z) forz€ S, then Z = F.

Proof. Let K? denote the Fay kernel for R defined in Theorem 4.7 on page 23.
That is, K? is the reproducing kernel for the Hilbert space

H? := H2(R, wp)

of functions analytic in R with L?(w,) boundary values. Let I[—I% denote C2-
valued H?. Since F is unitary valued on B, the mapping V on Hj given by
VG(z) = F(z)G(z) is an isometry. Also, as we will show, the kernel of V" is
the span of

W= {K'C a)y;: j=1,...,2n+2},
where F(a;)"y; = 0 and y; # 0; that is, (a;, ;) is a zero of F".

We note, for future use, that if ¢ is a scalar-valued analytic function on a
neighbourhood of R, with no zeroes on B, and zeroes wy, ..., w, € R, all of
multiplicity one, and f € H? has roots at all these w;s, then f = @g for some
g€ H2.
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Now, suppose ¢ € H? and for all & € H? we have (), ph) = 0. Since the
set
K= {K(, w): 1< <n)

is linearly independent, we know there is some linear combination
n
b
f=9=) ek w),
j=1

so that f(w;) = 0 for all j, and so f = ¢g for some g. Since

(K¥(, wj), ph) = () h(w)) = 0
for each j and h, it follows that (f, ph) = 0 for all h. In particular, if & = g
(the g we found earlier), then

(pg, pg9) ={f, g) =0,

sog =0,and so
n

(5.1) O=f=y- Z iKY, w).
j=1

This tells us that 1 is in the span of &, so R is a basis for the orthogonal
complement of {goh the ]HZ}.

We now find the kernel of V*. Write ay,,4+1 = a2+2 = b. Since F(b) = 0, there
is a function H analytic in a neighbourhood of X so that F(z) = (z — b)H(z).
The function ¢(z) = (z—b) det (H(z)) satisfies the hypothesis of the preceding
paragraph.

Let

hy  —hip )
G:= ,
( ~hy1  hn

where H = (hﬂ). Then
FG = (z-b)HG = (z — b) det(H)I,
where [ is the 2 X 2 identity matrix.

Now, suppose x € ]I—I% and V*x = 0. Let x1, x2 be the co-ordinates of x.
For each g € H2,

0=(Gyg, V'x)
=(VGyg, x)
= ((z - b)det(H)g, x)
= ((z = b)det(H)g1, x1) + ((z — b) det(H)g2, x2) .

It therefore follows from the discussion leading up to (5.1) that both x; and
X7 are in the span of

{K'C,ap:1<j<on+2f,
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SO
X € Span{Kb(-, ajjo: 1<j<2n+2,ve€ CZ} .
In particular, there exist vectors v; € C? such that

2n+2

X = Z Kb, a;)v;.
=1

We can check that V*oK?b(-, a) = F(a)*vK?(-, a), and F(b)* = 0, so
2n
0=Vx= ZF(aj)*v]'Kb(~, aj),
j=1
but the K?(:, aj)s are linearly independent, so F(a;)'v; = 0 for all j. Con-
versely, if F(a;)'v; = 0 then V*ijb(-, aj) = 0, so the kernel of V" is spanned
by 8.
Now, since V is an isometry, I — VV* is the projection onto the kernel of
V*, which by the above argument has dimension 21 +2, so [ — VV* has rank
2n + 2. So, for any finite set A C R, the block matrix with 2 X 2 entries

Ma = ([<(I - VV)K(, w)ej, KU, Z)e’>] j,l=1,2)

=((I - F&)Fw)) K'(z, w))

z, WEA

z, WEA
has rank at most 2n + 2. In particular, if A = {ay, ..., axu42} , then My has
rank exactly 2n + 2. Choose a2;,43, a2,+4 distinct from ay, ..., 42,42 so that

S={a1, ..., G212, A2043, A2n+4}

has 2n + 3 distinct points. Since A C S, Ms has rank at least 2n + 2. However,
by the above discussion, its rank cannot exceed 2n + 2, so its rank must be
exactly 2n + 2.

The matrix Mg is (4n + 6) X (4n + 6), (a (21 + 3) X (2n + 3) matrix with 2 x 2
matrices as its entries), and Mg has rank 2n + 2, so must have nullity (that
is, kernel dimension) 2n + 4. Further, the subspace

[ .

L= : ca= : e 23

a2n+3 a2n+3
0

=a®eq

is 2n + 3 dimensional, so there exists a non-zero x; = y; ® ¢; in £; which is
in the kernel of Ms. Similarly, £, := {a ®ey: € C+3 } contains some x; in
the kernel of M.
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Letx =(x1 x2),s0 xis the (4n + 6) X 2 matrix
( (yir1 O )
0 (y2h
( (Y12 O )
X = 0 (¥2)2

( (Y1)2n43 0 )
0 (V2)2n+3

point in S, rather than their number, so we say

It will be more convenient to refer to 22 blocks in x by their corresponding
yiw) 0
0 y(w)

In this notation, the identity Msx = 0 becomes
Z Kb(z, w) x(w) = F(2) Z Kb(z, w) F(w)* x(w)

wesS wes

x(w) = (x1(w) x2(w)) = (

for each z.

Now, suppose Z : R — M;(C) is analytic, contraction valued, and Z(z) =
F(z) for z € S. The operator W of multiplication by Z on H3 is a contraction
and

WKP(., w)o = Z(w) vKb(-, w).
GivenCeR,C ¢ S,let S” = SU {C} and consider the decomposition of

Ne = (I - Z@Zw)) K'(z, w))

z, WeS’

into blocks labelled by S and {C}. Thus N¢ is a (21 +4) X (2n + 4) matrix with
2 x 2 block entries. The upper left (2n + 3) X (2n + 3) block is simply Mg, as
X

Z(z) = F(z) forz € S.
x' = 00
00

Let
Since N is positive semi-definite and Msx = 0, it can be shown that Ncx” = 0.
An examination of the last two entries of the equation N¢x” = 0 gives

Y KIC wxw) = Z(0) ) Z(w)KA(C, w)x(w).

weS weS

The left hand side of (5.2) is a rank 2, 2 X 2 matrix at all but countably
many (, as it is a diagonal matrix whose diagonal elements are of the form

Y KUC, w)yiw);

weS

(5.2)
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that is, linear combinations of K’(C, w)s. If such a function is zero at an
uncountable number of Cs, it is identically zero, which is impossible, as the
Kb(., w)s are linearly independent and the y;(w)s are not all zero. We can
now see that

D Z@)y K(C, wix(w)

wes
is invertible at all but countably many C, so

-1
zwzzﬂ@wm%Zamw@mmﬂ

weS weS

weS weS

-1
:ZW@MW%ZﬂMW@wmﬂ

=F(C)
at all but finitely many C, so Z = F. O

We combine some of the preceding results to get the following.

Theorem 5.10. Suppose F is a 2 X 2 matrix-valued function analytic in a neigh-
bourhood of R, which is unitary-valued on B, and with a standard zero set. If
pr = 1, then there exists a unitary colligation ¥ = (U, K, ) such that F = Wy,
and so that the dimension of K is at most 4n + 6. In particular, p is a probability
measure on I1 and there is an analytic function H : R — LZ(y) ® Mup16,2(C),
denoted by Hy(z), so that

= FEF@) = [ (1= 4,(037,00) Hy(H, o) dup
forall z, w € R.

Proof. Using Proposition 5.9 on page 30, choose a finite set S C R such that
if G : R = M3(C) is analytic and contraction valued, and G(z) = F(z) for
z € S, then G = F. Using Proposition 5.6 on page 29, we have a probability
measure p and a positive kernel I' : S X S X IT — M;(C) such that

- F@F@) = [ (1= 4, @0@) TG v Pt

forallz, w e S.

By Proposition 5.8 on page 30, there exists a unitary colligation =
(U, K, u) so that K is at most 4n + 6 dimensional, and Wx(z) = F(z) for
z € 5. However, our choice of S gives Wy = F everywhere. We know
I'(z, w; p) = Hy(z)Hy(w)" for some H, by [AM02, Thm. 2.62]. O

Theorem 5.11. Suppose F is a 2 X 2 matrix-valued function analytic in a neigh-
bourhood of R, which is unitary valued on B, with a standard zero set, and pr = 1,
and is represented as in Theorem 5.10. Let azy41 = Aous2 = b, Yous1 = ey, and
Von+2 = €. Then there exists a set E of y measure zero, such that for p & E, for
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each v € C¥*6, and for 1 = 0, 1, ..., n, the vector function H,(-)oK"(:, z)) is in

the span of {Kb (-, aj)yj}, where zo(p)(= b), z1(p), ..., zu(p) are the zeroes of V.
Consequently, Hy is analytic on R and extends to a meromorphic function on Y.

Proof. We showed in Proposition 5.9 on page 30 that given a finite Q C R,
Mg = (I - F@)F(w)") K¥(z, w))

z, weQ

has rank at most 2n + 2, and that the range of Mg, lies in
—— b Nn,. .
(5.3) I := span {(K (z, al)yl)zeQ ci=1,...,2n+ 2} ,

thinking of (Kb (z, ai)yi) pasa column vector indexed by Q.

ze

We then apply Theorem 5.10 on the facing page to give
Mg = (f Hy(z) (1 - ¢p(z)1pp(w)) Kb(z, w)Hy(w)" dy(p))
I z, weQ

For each p, we define an operator M, € 8(H?) by

(M ) () = (@) F(x).

Multiplication by ¢, is isometric onH?, so 1-M,M, > 0,and so (1 - MPM;)®
E > 0, where E is the m X m matrix with all entries equal to 1. From the
reproducing property of Kb, we see that M;,Kb (,2) = ¢p(z)Kb (-, 2). Thus, if

Qs a set of m points in R, and c is the vector (KO(-, w))weQ, then the matrix

Po(p) = ([ = MM & E]c, ¢) = (|1 - @9y @K'z, )., 20

If we set é =QU{zj}forany j=0,1,..., n, then Pé(p) > 0. Further, the
upper mxmblock equals Pg(p) and the right mXx1 column is (Kb(z, z j(p)))ZeQ.
Hence, as a vector,

(K'(z z(p)),, € ranPo(p)'/? = ranPo(p),

forj=0,1,..., n
Since Pg > 0,

No(p) = (Hp@) (1 = Y@ @)) K'(z, w)H,(w)")

is also positive semi-definite for each p. If Mpx = 0, then

0= fn (No()x, x) du(p),

so that <NQ(p)x, x> = 0 for almost all p. It follows that No(p)x = 0 almost
everywhere. Choosing a basis for the kernel of Mg, there is a set Eg of u
measure zero so that for p ¢ Eq, the kernel of Mg is a subspace of the kernel
of Ng(p). For such p, the range of Ng(p) is a subspace of the range of My,
so the rank of Ng(p) is at most 2n + 2.

z, weQ
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Further, if we let Dg(p) denote the diagonal matrix with (2x (4n+6) block)
entries given by
Hy,(z) z=w
D =47 .
o)z {O Z#EW
then Ng(p) = Dg(p) Po(p) Do(p)*. Since Pg(p) is positive semi-definite, we
conclude that the range of Dg(p) Pg(p) is in the range of Mg. Therefore,
since (Kb(z, zj(p)))zeQ is in the range of Po(p), (Hp(z) vKl(z, zj(p)))Ze o Isin
the range of Mg, for every v € C¥"*¢,and j =0, 1, ..., n.
Now suppose Qy; € R is a finite set with

Qm S Qu+1, Qo={ai, ..., am,a2,41(=b)},

p=Jaon

a determining set; that is, an analytic function is uniquely determined by
its values on D. Since

(Hp(Z) vK(z, z]-(p)))ZGQm € ranMp, €M,

and

we see that there are constants c"(p) such that

2n+2
(54  HE@oK'Gzp) =) IOKE )y, z€Qu.

i=1
By linear independence of the K'(-, a;)s, the c"(p)s are uniquely determined
whenn =0, 1, ... by this formula. Since Q1 2 Qu, we see that c;.””(p) =
c!'(p) for all m, so there are unique constants ¢;(p) such that

2n+2
Hp(z)va(z, zi(p)) = Z ci(p) Kb(z, a;)vi, z€D.

i=1
Now, by considering this equation when j = 0, and using the fact that
Kb (-, b) =1, wesee that Hp agrees with an analytic function on a determining
set. We can therefore assume that Hp is analytic for each p ¢ E, and that
(5.4) holds throughout R. Also, since the Kb(., a;)s extend to meromorphic
functions on Y, so must Hy,. O

5.3. Diagonalisation.

Lemma 5.12. Suppose F is a matrix-valued function on R whose determinant is
not identically zero. If there exists a 2 X 2 unitary matrix U and scalar valued
functions ¢1, ¢ : R — C such that F(z)F(w)" = UD(z)D(w)*U*, where

(¢ O
D'_(O ¢2)'

then there exists a unitary matrix V such that F = UDV.
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Proof. The proof is as in [DMO05]. We let V = D(z)~'U*F(z), which turns out
to be constant and unitary. m|

Theorem 5.13. Suppose F is a 2 X 2 matrix-valued function which is analytic in
a neighbourhood of R, unitary valued on B, and has a standard zero set (a]-, y]-),

j=1, ..., 2n. Assume further that the (aj, Y j) have the property that if h satisfies

2n

h = Z chb(-, aj)yj+o,

j=1
for somecy, ..., cop € Cand v € C2, and h does not have a pole at Py, ..., Py,
then h is constant.

Under these conditions, if pr = 1, then F is diagonalisable, that is, there exists
unitary 2 X 2 matrices U, and V and analytic functions ¢1, ¢ : R — C such that

F= u( o1 0 )v: uDVv.
0 ¢

Proof. By Theorem 5.11 on page 34, we may assume that except on a set E
of measure zero, if / is a column of some H,, then h(-)K®(-, z/(s)) € M for
1=0,1,...,n3

By hypothesis, i (and so H,) is constant. From Remark 3.2 on page 16,
we can assume at least one of the zeroes of y, (say z1(p)) is not b. Thus,
using the proof of the second part of Theorem 4.8 on page 24, we can show
that if 1 is not zero, then z;(p) = 4;,(,) for some ji(p), and & is a multiple of
Vi)~ Thus, every column of H, is a multiple of y;, ().

Theorem 5.10 on page 34 gives us

1= FQF@) = [ (1= 4,E00,0) HoHiup),
and substituting w = b gives

I= f H,Hdu(p)
I1

SO
55 FOF@) = [ @0, Hdu().
I

Since the columns of H,, are all multiples of yj,(,), HyH,, is rank one, and
so can be written as G(p)G(p)* for a single vector G(p) € C?. Consequently,

(5.6) F(z)F(w)" = fn Pp(@Pp(w)G(p)Gp) du(p) -
Since F(a;)*y; = 0 for all j, (5.6) gives

2
du(p),

0= yF@)F@) ;= [ ol oo,

3Here zo(p) = b, z1(p), ..., z.(p) are the zeroes of 1, and M is as defined in (5.3) on page 35.
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so for each j, P,(a;)G(p)*y; = 0 for almost every p. So, apart from a set

Zy C II of measure zero, Y,(a;)G(p)y; = 0 for all p and all j. Thus, by
defining G(p) = 0 for p € Zy, we can assume that (5.6) holds and

Yp(a))G(p)'yj =0
for all values of p and j.

Let I := {p € IT: G(p) = 0}. If p ¢ Ty, then for each j, either ¢,(a;) = 0
or G(p)'y; = 0. Remember that G, is a multiple of (), and no set of n + 1
of the y; all lie on the same line through the origin. It follows that ¢, has
zeroes at b, and n of the a;s (say 4;,(p), - -, 4j,(») and G(p)*y; = 0 at n of the
ViS (SaY Vjyi(p)r - -+ Vjou(p)), SO these yjs must be orthogonal to y; ), and
so all lie on the same line through the origin. This tells us that the zeroes
of Y, are precisely b, a;,(p), - -, 4j,(5), SO zi = aj ) for all i. We can also see
that ¥, ), -+, Vju(p all lie on the same line through the origin, and so are
orthogonal to yj,..)s -/ Via(p)-

Let 31 = {ah(p), ey ajn(P)}/ RV {ajn+1(]!1)/ ey ajz;i(]?)}/ let Ay denote the
one-dimensional subspace of C? spanned by 7, and 2z denote the one-
dimensional space spanned by 7 .. -

If g ¢ Iy, then by arguing as above, either G(gq) € U; or G(g) € Ay, and
the zeroes of y; are in J, or J; respectively. Hence, for each p, one of the
following must hold:

e (0): G(p) =0;
e (1): G(p) € Ay and the zeroes of Y, are in Jp U {b};
® (2): G(p) € Ay and the zeroes of Y, are in J; U {b}.

Define

ITo ={p € IT: (0) holds},

IT; ={p € IT: (1) holds},

I ={p € IT: (2) holds}.
If p, g € IT; then 1, and ¢, are equal, up to multiplication by a unimodular
constant, so we choose a p! € I1; and define ¢ = Py, SO wplp_p = 1y for

all p € ITy. If I, is non-empty, we do the same, if not we define 1), = 0. We
substitute this into (5.5) to get

F)F(w)" = 121 ()i + hapa(@)ipa(w)h;,

where h; € U;. Letting z = w € B, we see that hy, h; is an orthonormal basis
for C? (and that ¢, # 0), so we can apply Lemma 5.12 on page 36, and the
result follows. O
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6. THE COUNTEREXAMPLE

We now have all the tools we need to prove Theorem 0.2, as introduced
at the beginning of the paper. First, we constructed W5, in Lemma 3.7 on
page 18, which is always a 2 X 2 matrix-valued inner function. We then
showed, in Lemma 3.8 on page 19, that there was a sequence Vs, ,, such
that each term had a standard zero set, with S,, # Sy for all m, and such that
both S;; — Spand Vs, , — W, , as m — co. We showed in Theorem 4.8 on
page 24, that if the zeroes (u s 7/]-) of W, » are close enough to the zeroes of
Ws, p (they would be, for m large enough, say m = M) then any C2%-valued
meromorphic function of the form

2n

h(z) = Z chh(z, aj)yj+o

j=1
with no poles at Py, ..., P, must be constant. Thus, we take W = Vs, .
Theorem 5.13 on page 37 then tells us thatif py = 1, then W is diagonalisable.
So if ¥ is not diagonalisable, then py < 1. If py < 1, Theorem 5.2 on
page 28 tells us that there is an operator T € B(H) for some H, such that the
homomorphism 7 : R(X) — B(H) with nt(p/q) = p(T) - 9(T)~! is contractive
but not completely contractive. Therefore, all that remains to be shown is
that W is not diagonalisable.

Theorem 6.1. WV is not diagonalisable.

Proof. Suppose, towards an eventual contradiction, that there is a diagonal
function D and fixed unitaries U and V such that D(z) = UW(z)V*. D must
be unitary valued on B, so must be unitary valued at p;, so by multiplying
on the leftby D(p;)*, we may assume that D(p;) = I. Since W(p;) =, U = V.

Let
[P O
D_(O ¢2)'

Since D is unitary on B, both ¢ and ¢, are unimodular on B. Further, as
det W has 2n + 2 zeroes (up to multiplicity), and a non-constant scalar inner
function has at least n + 1 zeroes, we conclude that either ¢ and ¢, have
n+ 1 zeroes each, and take each value in the unit disc ID at least n + 1 times,
or one has 2n + 2 zeroes, and the other is a unimodular constant A. The
latter cannot occur, since

o:\y(b):u*(’.\ :)u;eo,

which would be a contradiction.

Now, from Lemma 3.7 on page 18, W(p1)e1 = €1, so Uey is an eigenvector
of D(p1), corresponding to the eigenvalue 1, so at least one of the ¢;(p1)s is
equal to 1. Similarly, Ue; is an eigenvector of D(@(p1)), so at least one of the
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¢j(@(p1))s is equal to 1. Now, D(p1) cannot be a multiple of the identity, as
this would mean that one of the ¢;s was equal to 1 at p; and @(p1), which
is impossible4. Therefore, we can assume without loss of generality that

pe=(y 5] peen=(7 7).

where A, A" are unimodular constants. We can see from this that the eigen-
vectors corresponding to 1 in these matrices are e; and e>, so Ue; = uey,
Ue, = u’e; for unimodular constants u, u’. Since D is diagonal, we can
assume thatu=u"=1,soU =1, and W = D.

Now, since Sm # So, there exists some i such that Pi* # P, so these two
projections must have different ranges. However by Lemma 3.7,

Pi+ :\I](pl) pi+

:D(pl) Pi+
:( qbl (pl) 0 )Pi+
0 ¢a(pi)
This is only possible if W(p;) = I, but this is impossible, as before. This is
our contradiction. Therefore, W is not diagonalisable. i

This concludes the proof of Theorem 0.2, and this paper.
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